



















REFINEMENTS OF LOWER BOUNDS FOR POLYGAMMA
FUNCTIONS
FENG QI AND BAI-NI GUO
Abstract. In the paper, some lower bounds for polygamma functions are
refined.
1. Introduction and main results






for x > 0, the psi function ψ(x) = Γ
′(x)
Γ(x) and the polygamma functions ψ
(i)(x) for i ∈
N are a series of important special functions and have much extensive applications in
many branches such as statistics, probability, number theory, theory of 0-1 matrices,
graph theory, combinatorics, physics, engineering, and other mathematical sciences.
In [9, Corollary 2], the inequality
ψ′(x)eψ(x) < 1 (2)
for x > 0 was deduced.
In [5, Lemma 1.1] and [6, Lemma 1.1], the inequality (2) was recovered.
In [1, Theorem 4.8], by the aid of the inequality
[ψ′(x)]2 + ψ′′(x) > 0 (3)
for x > 0, the inequality (2) was generalized as
(n− 1)! exp(−nψ(x+ 1)) < |ψ(n)(x)| < (n− 1)! exp(−nψ(x)) (4)






for x > 0 and n ∈ N.










∣∣ψ(n)(x)∣∣ < (n− 1)! exp(−nψ(x)) (6)






for x > 0 and n ∈ N.
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for x > 0 and 1 ≤ k ≤ n− 1.
The main aim of this paper is to further refine the left-hand side inequalities
in (6) and (8) or (7) and (9) as follows.




> e−ψ(1/ ln(1+1/x)) (10)






√∣∣ψ(k)(1/ ln(1 + 1/x))∣∣
(k − 1)!
(11)
is valid on (0,∞).
2. Lemmas
In order to prove Theorem 1, the following lemmas are needed.





















are valid on (0,∞).
Recall [13, Chapter XIII] and [26, Chapter IV] that a function f(x) is said to be
completely monotonic on an interval I ⊆ R if f(x) has derivatives of all orders on
I and
0 ≤ (−1)kf (k)(x) <∞ (14)
holds for all k ≥ 0 on I. Recall also [3, 18] that a function f is said to be logarith-
mically completely monotonic on an interval I ⊆ R if it has derivatives of all orders
on I and its logarithm ln f satisfies
0 ≤ (−1)k[ln f(x)](k) <∞ (15)
for k ∈ N on I. In [18, Theorem 4], it was proved that all logarithmically completely
monotonic functions are also completely monotonic, but not conversely. This result
was formally published when revising [15]. For more information, please refer to [7,
20].
Lemma 2. The inequality
ψ′(t) < e1/t − 1 (16)
holds on (0,∞). More generally, the function
e1/t − ψ′(t) (17)
is completely monotonic on (0,∞).
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h(t) = 1. (18)
Direct calculation reveals that































for t ∈ (0,∞). Hence, by the limit (18) and the mathematical induction, we have
h(t) > h(t+ 1) > h(t+ 2) > · · · > h(t+ k) > lim
k→∞
h(t+ k) = 1, (21)
which is equivalent to the inequality (16).
It is obvious that the functions e1/t and e1/(t+1) are logarithmically completely
monotonic on (0,∞) and (−1,∞) respectively, so they are also completely mono-









































for k ≥ 0 on (0,∞). As a result, the sign of the function[




is opposite to the sign of the function[













on (0,∞) for k ≥ 0. Accordingly, by (19), it follows that
(−1)k[h(t+ 1)− h(t)](k) = (−1)kh(k)(t+ 1)− (−1)kh(k)(t)
= (−1)k
[
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for k ≥ 0 on (0,∞). Thus,
(−1)kh(k)(t) > (−1)kh(k)(t+ 1) > (−1)kh(k)(t+ 2) > · · ·






for k ∈ N. Combining this with (21) shows that the function h(t) defined by (17)
is completely monotonic on (0,∞). The proof of Lemma 2 is complete. 
3. Proof of Theorem 1
Now we are in a position to prove Theorem 1.






)∣∣∣∣ > (n− 1)! (22)
for t ∈ (0,∞).





































(eu − 1) + 1
]
,






(eu − 1) + 1
]
≥ 1, u > 0, (23)
that is,
(eu − 1)n[n(eu − 1) + 2] ≥ 2unenu, u > 0. (24)
Let
fn(u) = (e
u − 1)n[n(eu − 1) + 2]− 2unenu
on (0,∞). Straightforward differentiation gives
f ′1(u) = 2e
u(eu − 1− u) > 0,
















3eu − u2 − 3u− 3
)
> 0.
Hence, the derivative f ′2(u) is also positive on (0,∞). Since fn(0) = 0 and the
functions f1(u) and f2(u) are strictly increasing on (0,∞), it is obtained readily
that the functions f1(u) and f2(u) are strictly positive on (0,∞). This shows that
the inequalities (23) and (24) are valid on (0,∞) for n = 1, 2. Therefore, the
inequality (10) is valid on (0,∞) for n = 1, 2.
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for t > 0.

































= e1/t − 1. (30)
By virtue of the inequality (16), the inequality (28) follows, so the inequality (11)
is proved.
4. Remarks








and the function ψ(x) and
∣∣ψ(n)(x)∣∣ for n ∈ N are strictly decreasing on (0,∞),
the left-hand side inequalities in (6) and (7) for n = 1, 2 and the left-hand side
inequalities in (8) and (9) are refined, say nothing of the left-hand side inequality
in (4) for n = 1, 2.
Remark 2. The inequality (10) would be invalid if n is big enough. In other words,









≥ e−ψ(1/ ln(1+1/x)) (31)
should be valid on (0,∞). However, the reversed inequality of (31) holds on (0,∞).
This situation motivates us to naturally pose an open problem: What is the largest
positive integer n such that the inequality (10) holds on (0,∞)?
Remark 3. Rewriting (2) and (10) for n = 1 leads to
e−ψ(L(x,x+1)) < ψ′(x) < e−ψ(L(x,x)) (32)





ln b− ln a
, a 6= b
a, a = b
(33)
stands for the logarithmic mean for positive numbers a and b. Since the logarithmic
mean L(a, b) is strictly increasing with respect to both a > 0 and b > 0 and the
psi function ψ(x) is also strictly increasing on (0,∞), the inequalities (4), (6), (7),
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(10) and (32) stimulate us to naturally ask the following question: What are the






is valid on (0,∞)?
Similarly, the inequalities (8), (9) and (11) motivate us to pose the following
open problem: What are the best constants p(n, k) ≥ 0 and 0 < q(n, k) ≤ 1 such
that the inequality
k








√∣∣ψ(k)(L(x, x+ p(n, k)))∣∣
(k − 1)!
(35)
holds on (0,∞) for 1 ≤ k ≤ n− 1.
Remark 4. Letting 1ln(1+1/x) = t in the reversed version of the inequality (31) and






on (0,∞), which has been established in [4, Theorem 2.8], [5, Theorem 2] and [6,
Theorem 2]. The increasing monotonicity of the function in the left-hand side of
the inequality (36) was presented in [2, 17, 21] respectively. The strict concavity
and some other generalizations of the function in the inequality (36) was discussed
in [21] recently.
Remark 5. The case n = 2 and k = 1 in (11) is
ψ′′(x) +
[
ψ′(1/ ln(1 + 1/x))
]2
< 0 (37)










on (0,∞), the special case n = 2 and k = 1 of the inequality (8). The inequality (38)
was also refined in another direction and generalized in [19].
The inequality (3), a special case n = 1 of the inequality (26), has been gener-
alized to the complete monotonicity and many other cases. For more information,
please refer to [19, 20] and closely-related references therein.
Remark 6. The generalized logarithmic mean L(p; a, b) of order p ∈ R for positive
numbers a and b with a 6= b is defined in [8, p. 385] by







, p 6= −1, 0;
b− a
ln b− ln a







, p = 0.
(39)
It is known [23, 24] that L(p; a, b) is strictly increasing with respect to p ∈ R. See
also [11, 14] and closely-related references therein. Furthermore, we can pose the
following more general open problem: What are the best scalars λ(n), µ(n), p(n)
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is valid on (0,∞)? What are the best constants λ(n, k), µ(n, k), p(n, k) and q(n, k)
such that the inequality
k








√∣∣ψ(k)(L(µ(n, k);x, x+ p(n, k)))∣∣
(k − 1)!
(41)
holds on (0,∞) for 1 ≤ k ≤ n− 1.
Remark 7. At last, an alternative proof of the inequality (10) for n = 1 is provided





for t > 0 and n ∈ N. By the inequality
1 +
αx
1 + (1 − α)x
≤ (1 + x)α ≤ 1 + αx (43)








+ 1 ≥ 1 +
e1/t − 1
2 + (k − 1)
(
e1/t − 1
) , t > 0. (44)

















+ 1, t > 0. (46)
By the left-hand side inequality in (12), it follows that
1

















e2u − 2euu− 1(
eu − 1
)(





e2u − 2euu− 1(
eu − 1
)(
ueu − eu + 1
) = 0,
where u = 1t . Hence k ≤ 1. The inequality (10) for n = 1 is proved.
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